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Abstract
We study nonlinear waves in a nonrelativistic ideal and cold quark gluon plasma immersed in a
strong uniform magnetic field. In the context of nonrelativistic hydrodynamics with an external
magnetic field we derive a nonlinear wave equation for baryon density perturbations, which can be
written as a reduced Ostrovsky equation. We find analytical solutions and identify the effects of
the magnetic field.
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I. INTRODUCTION
There is a strong evidence that quark gluon plasma (QGP) has been observed in heavy
ion collisions at RHIC and at LHC [1, 2]. Deconfined quark matter may also exist in the
core of compact stars [3]. Waves may be formed in the QGP [4, 5]. In heavy ion collisions
waves may be produced, for example, by fluctuations in baryon number, energy density or
temperature caused by inhomogeneous initial conditions [5].
In order to study waves, it is very often assumed that they represent small perturbations
in a fluid and hence one can linearize the equations of hydrodynamics and find their solutions,
which are linear waves. Alternatively, instead of linearization we may use another procedure,
called Reductive Perturbation Method (RPM) [6], which preserves the nonlinearity of the
original equations. This leads to nonlinear differential equations, whose solution describe
nonlinear waves, such as solitons. In a series of works [7, 8] we studied the existence and
properties of nonlinear waves in hadronic matter and in a quark gluon plasma as well.
The existence and effects of a magnetic field in quark stars has been studied since long
time ago [9] and became a hot topic in our days. In a different context, about ten years ago
[10] it was realized that a very strong magnetic field might be produced in relativistic heavy
ion collisions and it might have some effect on the quark gluon plasma phase. A natural
question is then: what it the effect of the magnetic field on the waves propagating through
the QGP ?
In a previous work [11] we studied the conditions for an ideal, cold and magnetized quark
gluon plasma (QGP) to support stable and causal perturbations. These perturbations were
considered in the linear approach and the QGP was treated with nonrelativistic hydrody-
namics. We have derived the dispersion relation for density and velocity perturbations. The
magnetic field was included both in the equation of state and in the equations of motion,
where the term of the Lorentz force was considered. We have used three equations of state:
a generic non-relativistic one, the MIT bag model EOS (for weak and strong magnetic field)
and the mQCD EOS. The anisotropy effects caused by the B field were also manifest in the
parallel and perpendicular sound speeds. We found that the existence of a strong magnetic
field does not lead to instabilities in the velocity and density waves. Moreover, in most of
the considered cases the propagation of these waves was found to respect causality. However
causality might be violated in the strong field regime. The onset of causality violation might
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happen at very large densities and/or large values of the wave length (small values of the
wavenumber k). The magnetic field changes the pressure, the energy density and the speed
of sound. It also changes the equations of hydrodynamics. One of the conclusions of Ref.
[11] is that the changes in hydrodynamics are by far more important than the changes in
the equation of state.
In the present study we extend our previous work to the case of nonlinear waves. We will
investigate the effects of a strong and uniform magnetic field on nonlinear baryon density
perturbations in an ideal and magnetized quark gluon plasma. We consider the magnetic
field in the EOS and also in the Euler equation, which requires special attention in the RPM
[6] formalism. Our study could be applied to the deconfined cold quark matter in compact
stars and to the cold quark gluon plasma formed in heavy ion collisions at intermediate
energies at FAIR [12] or NICA [13]. We go beyond the linear approach used in [11] and
improve the nonlinear treatment used in [5], now including the strong magnetic field effects.
Some work along this line was already published in [14], where the authors concluded
that increasing the magnetic field leads to a reduction in the amplitude of the nonlinear
waves. More recently [15], perturbations in a cold QGP were studied with nonrelativistic
hydrodynamics with magnetic field effects in a nonlinear approach. Solitonic density waves
were found as solutions of a modified nonlinear Schrodinger equation. The magnetic field
was found to increase the phase speed of the soliton and to reduce its width. We will discuss
below the differences between our study and the above mentioned works.
II. NONRELATIVISTIC HYDRODYNAMICS
We start from the nonrelativistic Euler equation [16] with an external uniform magnetic
field. The same magnetic field affects the thermodynamical quantities appearing in the
equation of state, as in [11]. The magnetic field of intensity B is chosen to be in the
z−direction and hence ~B = Bzˆ . The three fermions species considered are the quarks:
up (u), down (d) and strange (s) with the following respectively charges Qu = 2Qe/3,
Qd = −Qe/3 and Qs = −Qe/3, where Qe = 0.08542 is the absolute value of the electron
charge in natural units [17]. Because of the external magnetic field, particles with different
charges may assume different trajectories [14, 18] and this justifies the use of the multi-fluid
approach [11, 14, 18]. Throughout this work, we employ natural units (~ = c = 1) and the
3
metric used is gµν = diag(+,−,−,−).
Starting from the hydrodynamics equations discussed in [11], and The Euler equation for
the quark of flavor f (f=u,d,s) reads:
ρmf
[
∂ ~vf
∂t
+ (~vf · ~∇)~vf
]
= −~∇p+ ρc f
(
~vf × ~B
)
(1)
where ρmf is the quark mass density. The charge density of the quark flavor f is ρc f [14]
and the masses are: mu = 2.2MeV , md = 4.7MeV , ms = 96MeV and me = 0.5MeV [19].
The continuity equation for the mass density ρmf is[16]:
∂ρmf
∂t
+ ~∇ · (ρmf ~vf) = 0 (2)
The relationship between the mass density and the baryon density is ρmf = 3mf ρBf [11].
The charge density for each quark is given by ρcu = 2Qe ρBu , ρcd = −Qe ρBd and
ρcs = −Qe ρBs . In general we write ρcf = 3Qf ρBf for each quark f .
III. EQUATION OF STATE
In general, the equation of state (EOS) of the quark gluon plasma can be written as a
relation between pressure p and energy density ǫ: p = cs
2ǫ, where cs is the speed of sound. As
previously studied in [11, 20, 21], when the fluid is immersed in an external uniform magnetic
field, the pressure splits into a parallel (with respect to the direction of the external field),
p‖, and a perpendicular component, p⊥. We have thus a parallel (cs‖) and a perpendicular
(cs⊥) speed of sound, given by [11, 20, 21]:
(cs‖)
2 =
∂p‖
∂ε
and (cs⊥)
2 =
∂p⊥
∂ε
(3)
and hence p‖ ≈ (cs‖)
2 ε and p⊥ ≈ (cs⊥)
2 ε . The pressure gradient can then be written as:
~∇p =
(
∂p⊥
∂x
,
∂p⊥
∂y
,
∂p‖
∂z
)
(4)
A. The nonrelativistic equation of state
As in [11], we take here the limit [5]: ε ∼= ρm. Since ρm = 3mf ρBf and remembering
that the pressure is anisotropic, the pressure gradient (4) for the quark of flavor f is given
4
by [11]:
~∇p = 3mf
(
(cs⊥)
2
∂ρBf
∂x
, (cs⊥)
2
∂ρBf
∂y
, (cs‖)
2
∂ρBf
∂z
)
(5)
B. The improved MIT equation of state
The EOS which we call mQCD was derived in [22] and used in [20] and also in [11]. The
energy density (ε), the parallel pressure (pf ‖) and the perpendicular pressure (pf ⊥), are
given respectively by [11, 20]:
ε =
27gh
2
16mG2
(ρB)
2 +BQCD +
B2
8π
+
d,s∑
f=u
|Qf |B
2π2
nfmax∑
n=0
3(2− δn0)
∫ kf
z,F
0
dkz
√
m2f + k
2
z + 2n|Qf |B ,
(6)
p‖ =
27gh
2
16mG2
(ρB)
2−BQCD−
B2
8π
+
d,s∑
f=u
|Qf |B
2π2
nfmax∑
n=0
3(2− δn0)
∫ kf
z,F
0
dkz
kz
2√
m2f + k
2
z + 2n|Qf |B
(7)
and
p⊥ =
27gh
2
16mG2
(ρB)
2−BQCD+
B2
8π
+
d,s∑
f=u
|Qf |
2B2
2π2
nfmax∑
n=0
3(2− δn0)n
∫ kf
z,F
0
dkz√
m2f + k
2
z + 2n|Qf |B
(8)
The baryon density (ρB) is given by [11, 20]:
ρB =
d,s∑
f=u
|Qf |B
2π2
nfmax∑
n=0
(2−δn0)
√
νf 2 −m
2
f − 2n|Qf |B with n ≤ n
f
max = int
[
νf
2 −m2f
2|Qf |B
]
(9)
where int [a] denotes the integer part of a and νf is the chemical potential for the quark f .
As in [20] we define ξ ≡ gh/mG. Choosing ξ = 0 we recover the MIT EOS. For a given
magnetic field intensity, we choose the values for the chemical potentials νf which determine
the density ρB. We also choose the other parameters: ξ and BQCD. In this case the pressure
gradient (4) becomes
~∇p =
(
27gh
2
8mG2
)(
ρBf
∂ρBf
∂x
, ρBf
∂ρBf
∂y
, ρBf
∂ρBf
∂z
)
(10)
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IV. NONLINEAR WAVES
Now we apply the Reductive Perturbation Method (RPM) [5, 6, 8, 14, 15] to the basic
equations of hydrodynamics (1) and (2) to obtain the nonlinear wave equations that govern
the baryon density perturbations. The RPM technique goes beyond the linearization ap-
proach and preserves nonlinear terms in the wave equations. The background density, upon
which small perturbations occur, is defined by ρ0, and it is usually given in terms of the
ordinary nuclear matter density ρN = 0.17 fm
−3.
According to the RPM technique we rewrite the equations (1) changing variables and
going from the (x, y, z, t) space to the (X, Y, Z, T ) space using the “stretched coordinates”
defined by [5, 8]: X = σ1/2(x − cs⊥ t) , Y = σ y , Z = σ z and T = σ
3/2 t. In our ap-
proach, following the RPM algebraic procedure [6, 8] we apply the following transformation
to the magnetic field: B = σ B˜. In this way, we obtain the equations (1) and (2) in the
(X, Y, Z, T ) space containing the (small) parameter σ, which is the expansion parameter of
the dimensionless density and dimensionless velocities:
ρˆB f(x, y, z, t) =
ρB f (x, y, z, t)
ρ0
= 1+σρf 1(x, y, z, t)+σ
2ρf 2(x, y, z, t)+σ
3ρf 3(x, y, z, t)+ . . . ,
(11)
vˆf x(x, y, z, t) =
vf x(x, y, z, t)
cs⊥
= σvf x1(x, y, z, t) + σ
2vf x2(x, y, z, t) + σ
3vf x3(x, y, z, t) + . . . ,
(12)
vˆf y(x, y, z, t) =
vf y(x, y, z, t)
cs⊥
= σ3/2vf y1(x, y, z, t)+σ
2vf y2(x, y, z, t)+σ
5/2vf y3(x, y, z, t)+. . .
(13)
and
vˆf z(x, y, z, t) =
vf z(x, y, z, t)
cs ‖
= σ3/2vf z1(x, y, z, t)+σ
2vf z2(x, y, z, t)+σ
5/2vf z3(x, y, z, t)+. . .
(14)
Next we use (11) to (14) to rewrite (1) and (2). We then neglect terms proportional to σn
for n > 2 and collect the remaining terms in a power series of σ, σ3/2 and σ2, solving them in
order to obtain an equation in the (X, Y, Z, T ) space. This equation is finally written back
in the usual (x, y, z, t) space, yielding the nonlinear wave equation for the baryon density
perturbation.
The continuity equation (2) in the RPM gives:
σ
{
−
∂ρf 1
∂X
+
∂vf x1
∂X
}
+ σ2
{
−
∂ρf 2
∂X
+
∂vf x2
∂X
+
1
(cs⊥)
∂ρf 1
∂T
+ ρf 1
∂vf x1
∂X
+ vf x1
∂ρf 1
∂X
6
+
∂vf y1
∂Y
+
(
cs ‖
cs⊥
)
∂vf z1
∂Z
}
= 0 (15)
and the Euler equation (1) will be studied in following subsections.
A. Nonrelativistic EOS
Applying the RPM procedure to Eq. (1) and using (5), we obtain the following set of
equations in powers of the σ parameter:
σ
{
−
∂vf x1
∂X
+
∂ρf 1
∂X
}
+σ2
{
−
∂vf x2
∂X
+
1
(cs⊥)
∂vf x1
∂T
+ vf x1
∂vf x1
∂X
−ρf 1
∂vf x1
∂X
+
∂ρf 2
∂X
−
Qf B˜
mf (cs⊥)
vf y1
}
= 0 , (16)
σ3/2
{
−
∂vf y1
∂X
+
∂ρf 1
∂Y
+
Qf B˜
mf (cs⊥)
vf x1
}
+ σ2
{
−
∂vf y2
∂X
}
= 0 (17)
and
σ3/2
{
−
∂vf z1
∂X
+
(
cs ‖
cs⊥
)
∂ρf 1
∂Z
}
+ σ2
{
−
∂vf z2
∂X
}
= 0 (18)
Solving the equations (15) to (18) we arrive at:
∂
∂X
[
∂ρf 1
∂T
+ (cs⊥) ρf 1
∂ρf 1
∂X
]
+
(cs⊥)
2
[
∂2ρf 1
∂Y 2
+
(
cs ‖
cs⊥
)2
∂2ρf 1
∂Z2
]
=
(Qf B˜)
2
2mf 2 (cs⊥)
ρf 1 (19)
Writing (19) back in the cartesian space we obtain the following wave equation:
∂
∂x
[
∂
∂t
δρBf + (cs⊥)
∂
∂x
δρBf + (cs⊥)δρBf
∂
∂x
δρBf
]
+
(cs⊥)
2
[
∂2
∂y2
δρBf +
(
cs ‖
cs⊥
)2
∂2
∂z2
δρBf
]
=
(Qf B)
2
2mf 2 (cs⊥)
δρBf (20)
where δρBf ≡ σρf 1 is the baryon density perturbation on the background ρ0, as can be seen
in (11).
Introducing the variable [8]:
ξ = x+ y + z (21)
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the equation (IVA) becomes:
∂
∂ξ
{
∂
∂t
δρBf +
[
3
2
(cs⊥) +
(cs ‖)
2
2(cs⊥)
]
∂
∂ξ
δρBf + (cs⊥)δρBf
∂
∂ξ
δρBf
}
=
(Qf B)
2
2mf 2 (cs⊥)
δρBf (22)
B. mQCD
Repeating the steps described in the last subsection and using (10), we obtain:
σ
{
−
∂vf x1
∂X
+
(
9 gh
2 ρ0
8mf mG2 (cs⊥)2
)
∂ρf 1
∂X
}
+ σ2
{
−
∂vf x2
∂X
+
1
(cs⊥)
∂vf x1
∂T
+ vf x1
∂vf x1
∂X
−ρf 1
∂vf x1
∂X
+ ρf 1
∂ρf 1
∂X
+
(
9 gh
2 ρ0
8mf mG2 (cs⊥)2
)
∂ρf 2
∂X
−
Qf B˜
mf (cs⊥)
vf y1
}
= 0 , (23)
σ3/2
{
−
∂vf y1
∂X
+
(
9 gh
2 ρ0
8mf mG2 (cs⊥)2
)
∂ρf 1
∂Y
+
Qf B˜
mf (cs⊥)
vf x1
}
+ σ2
{
−
∂vf y2
∂X
}
= 0 (24)
and
σ3/2
{
−
(
cs ‖
cs⊥
)
∂vf z1
∂X
+
(
9 gh
2 ρ0
8mf mG2 (cs⊥)2
)
∂ρf 1
∂Z
}
+ σ2
{
−
(
cs ‖
cs⊥
)
∂vf z2
∂X
}
= 0 (25)
Solving the set of equations (15) and (IVB) to (25) we arrive at:
∂
∂X
[
∂ρf 1
∂T
+
3
2
(cs⊥) ρf 1
∂ρf 1
∂X
]
+
(cs⊥)
2
(
∂2ρf 1
∂Y 2
+
∂2ρf 1
∂Z2
)
=
(Qf B˜)
2
2mf 2 (cs⊥)
ρf 1 (26)
From the terms of order O(σ) we obtain the following constraint for the perpendicular speed
of sound:
(cs⊥)
2 =
9 gh
2 ρ0
8mf mG2
(27)
which coincides with the “effective sound speed” c˜s obtained in the linearization approach
in [11].
Writing (26) back in cartesian coordinates, we find the following nonlinear wave equation:
∂
∂x
[
∂
∂t
δρBf + (cs⊥)
∂
∂x
δρBf +
3
2
(cs⊥)δρBf
∂
∂x
δρBf
]
+
(cs⊥)
2
(
∂2
∂y2
δρBf +
∂2
∂z2
δρBf
)
=
(Qf B)
2
2mf 2 (cs⊥)
δρBf (28)
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where again, from (11), we have δρBf ≡ σρf 1 . Using (21) in (IVB) we find:
∂
∂ξ
[
∂
∂t
δρBf + 2(cs⊥)
∂
∂ξ
δρBf +
3
2
(cs⊥)δρBf
∂
∂ξ
δρBf
]
=
(Qf B)
2
2mf 2 (cs⊥)
δρBf (29)
V. REDUCED OSTROVSKY EQUATION (ROE)
In cartesian coordinates, we derived the “inhomogeneous three dimensional breaking wave
equations” given by (IVA) and (IVB). By using (21) we transformed these two equations
into (22) and (29), respectively, where δρBf(x, y, z, t)→ δρBf (ξ, t). The equations (22) and
(29) can be put in the form:
∂
∂ξ
[
∂
∂t
δρBf + α
∂
∂ξ
δρBf + β δρBf
∂
∂ξ
δρBf
]
= ΓδρBf (30)
with the nonlinear coefficient β and the velocity of the dispersionless linear wave α defined
in (22) and (29) for each case. The common dispersion coefficient Γ for the two cases is
given by
Γ =
(Qf B)
2
2mf 2 (cs⊥)
(31)
and it comes from the magnetic field term of the Euler equation (1) for each quark of flavor
f. The magnetic field effects are also indirectly present in the coefficients of (30), which come
from the equation of state chosen for the magnetized medium. If the magnetic field were
zero, (30) would be converted into a breaking wave equation without soliton solutions. We
can then say that the B field allows for localized solitonic solutions of Eq. (30).
Equation (30) is known in the literature and it is called Reduced Ostrovsky equation
(ROE) or Ostrovsky-Hunter equation (OHE) when Γ > 0 [23], which is our case. The ROE
is a particular case of the Ostrovsky equation [24] for a general function f(ξ, t):
∂
∂ξ
[
∂
∂t
f + α
∂
∂ξ
f + β f
∂
∂ξ
f +Π
∂3
∂ξ3
f
]
= Γ f (32)
when the high-frequency dispersion coefficient Π vanishes. Equation (32) describes internal
waves and weakly nonlinear surface in a rotating ocean [24]. The equation (30) can be solved
analytically, as it is shown in the Appendix.
The solution of (30) reads:
δρBf (ξ, t) = −
6γ2λ2
βΓ
sech2
[
λ
(
Ω− γt
)]
(33)
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where λ and γ are integration constants. The latter is related to the propagation speed of
the perturbation. Also
ξ = x+ y + z = Ω+ α t + ξ0 +
6γλ
βΓ
{
tanh
[
λ
(
Ω− γt
)]
− 1
}
(34)
For a given value of the coordinate ξ, we solve the above equation and find Ω which is then
substituted in (33), which represents a traveling gaussian-looking pulse moving to the right
and preserving its shape.
As it can be seen in (33), the amplitude of the density wave is proportional to 1/Γ and
hence increasing B results in a decreasing amplitude. Similarly, waves of heavier flavor
quarks have larger amplitudes. In (34) we have α = 3(cs⊥)/2 + (cs ‖)
2/[2(cs⊥)] and β = cs⊥
for the nonrelativistic EOS. For the mQCD EOS we have α = 2(cs⊥) and β = 3(cs⊥)/2.
To illustrate the solitonic behavior of the rarefaction solution (33), we show in Figs. 1
and 2 the perturbation |δρBf | as a function of x for fixed values of y = 0 and z = 0 for two
values of the time t. In both cases showed in Figs. 1 and 2, we consider the quark up and
three values of the magnetic field, that are chosen to satisfy 0 < |δρBu| < 1 and respect (11)
(since δρBu ≡ σρu1). For magnetic fields ∼ 10
16G or smaller, we obtain |δρBu| > 1 .
In Fig. 1 we show the results obtained with the nonrelativistic EOS for the parameters
cs⊥ = cs ‖ = 0.3 , ξ0 = 20 fm, λ = 1 fm
−1 and γ = 0.1 . The propagation speed of the pulse
is α + γ = 0.7 .
In Fig. 2 we show the results obtained with the mQCD EOS for the parameters BQCD =
70MeV/fm3, gh = 0.05, mG = 300MeV , ξ0 = 20 fm, λ = 1 fm
−1 and γ = 0.1 . The
common chemical potential for all quarks is νf = 300MeV and for the chosen values of
the magnetic field we have background densities ρ0 = 2ρN ∼ 2.1ρN (B = 10
17G ∼ 1019G),
which, with the use of (27) lead to cs⊥ ∼= 0.2 . The propagation speed of the pulse is
α + γ = 0.5 , which does not violate causality.
Similar behavior is found when |δρBu| is plotted as a function of the y coordinate (per-
pendicular to the magnetic field) and of the z coordinate (along the magnetic field).
VI. CONCLUSIONS
In this work we focused on nonlinear wave propagation in a cold and magnetized quark
gluon plasma. Including the effects of a strong magnetic field both in the equation of state
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FIG. 1: Nonrelativistic EOS: solitonic behavior of |δρBu| for several times and magnetic field
intensities.
and in the basic equations of hydrodynamics, we derived from the latter a wave equation
for a perturbation in the baryon density. This wave equation could be identified as the
reduced Ostrovsky equation (ROE), which has a known analytical solution given by a rar-
efaction solitonic pulse of the baryon perturbation. The numerical analysis and a possible
phenomenological application in the context of heavy ion collisions or in compact stars will
be investigated in a future work. At a qualitative level we can observe that the most re-
markable effect of the magnetic field, as can be seen in the coefficient Γ by (31), is to reduce
the wave amplitude. We therefore corroborate and extend the conclusion found in [14].
VII. APPENDIX
To establish the integrability of (30), we employ the change of variables developed in [23]:
ξ = Ω + β
∫ η
−∞
ψ(Ω, η′)dη′ + α η + ξ0 , t = η and δρBf(ξ, t) = ψ(Ω, η) (35)
11
0 10 20 30 40 50 60 70
10-6
10-5
10-4
10-3
10-2
10-1
100
mQCD EOS
x (fm)
| B u|
B = 1019 G    
 t = 0 fm
 t = 40 fm
B = 1018 G    
 t = 0 fm
 t = 40 fm
B = 1017 G    
 t = 0 fm
 t = 40 fm
FIG. 2: mQCD EOS: solitonic behavior of |δρBu| for several times and magnetic field intensities.
where ξ0 is an arbitrary constant. From (35) we have the operators:
∂
∂ξ
=
1
h(Ω, η)
∂
∂Ω
and
∂
∂t
=
∂
∂η
−
β
h(Ω, η)
ψ
∂
∂Ω
−
α
h(Ω, η)
∂
∂Ω
(36)
where the function h(Ω, η) is given by:
h(Ω, η) = 1 + β
∫ η
−∞
[ ∂
∂Ω
ψ(Ω, η′)
]
dη′ (37)
The equation (30) rewritten in terms of (36) and (37) is:
h(Ω, η) =
1
Γψ
∂
∂Ω
∂ψ
∂η
(38)
From (37) we have:
∂h
∂η
= β
∂ψ
∂Ω
(39)
Finally, inserting (38) in (39) we arrive at the following equation:
ψ
∂2
∂η2
∂ψ
∂Ω
−
∂ψ
∂η
∂
∂Ω
∂ψ
∂η
− (βΓ)(ψ)2
∂ψ
∂Ω
= 0 (40)
which is the ROE equation (30) rewritten in a integrable form. To solve (40) we apply the
hyperbolic tangent function method as described in [5, 8, 25] and find the following exact
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solutions:
ψI(Ω, η) = −
6γ2λ2
βΓ
sech2
[
λ(Ω− γη)
]
or ψII(Ω, η) =
4γ2λ2
βΓ
+ ψI(Ω, η) (41)
The parameters λ, which is the inverse of the width and γ, the speed, are integration
constants and are free to be chosen. The negative sign in the −sech2[. . . ] function in (41)
describes a rarefaction pulse. Such negative sign is due the condition (αΓ) > 0.
Considering ψI from (41) in (35) we obtain the following parametric solution of (30):
δρBf (ξ, t) = −
6γ2λ2
βΓ
sech2
[
λ
(
Ω− γt
)]
(42)
with
ξ = Ω+ α t+ ξ0 +
6γλ
βΓ
{
tanh
[
λ
(
Ω− γt
)]
− 1
}
(43)
As previously mentioned, the last two expressions are (33) and (34), respectively.
We do not consider ψII of (41) as solution of (30). The reason is to avoid the divergence
due the constant term of ψII in the integral present in (35):
β
∫ η
−∞
4γ2λ2
βΓ
dη′ →∞
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